ABSTRACT. We give an upper bound on the number of rational points of an arbitrary Zariski closed subset of a projective space over a finite field. This bound depends only on the dimensions and degrees of the irreducible components and holds for very general varieties, even reducible and non equidimensional. As a consequence, we prove a conjecture of Ghorpade and Lachaud on the maximal number of rational points of an equidimensional projective variety.
INTRODUCTION
Counting the number of rational points of a variety over a finite field is a classical task which arises naturally in number theory, in algebraic geometry or in finite geometry. The problem of counting or bounding above the number of rational points of a variety over a finite field F q has motivated the developpement of very elegant consructions of cohomology theories called Weil cohomologies. The proof of the Weil conjecture due to Deligne [4] in 1974 entails among others an upper bound on the number of rational points of a smooth projective complete intersection X depending only on q and the Betti numbers of X for the Étale cohomology [4, Theorem 8.1] .
If X is a smooth curve, this bound is nothing but the well-known Weil bound:
where g X denotes the genus of X . This bound was actually improved by Serre [13] as
Subsequently, this bound has been extended to the case of singular curves in [1, 2] . Another approach due to Stöhr and Voloch [16] is based on the use of the Weierstrass points of the curve and provides upper bounds on the number of rational points of smooth projective curves. Finally, other upper bounds on the number of points of arbitrary plane curves arise from purely combinatorial methods, like Sziklai's bound for arbitrary plane curves [17] which was improved by Homma and Kim [7] using Stöhr Voloch bounds. For higher dimensional varieties, the litterature is poorer. Deligne's results hold for arbitrary smooth geometrically irreducible projective varieties over a finite field. In addition, a bound "à la Weil" for arbitrary complete intersections in a projective space is given in [5] . On the other hand, an upper bound for the number of rational points of an arbitrary projective hypersurface X ⊂ P n has been proved by Serre [14] and independently by Sørensen [15] :
where d denotes the degree of the hypersurface X . This bound depends only on the degree and the dimension of the hypersurface. Further bounds on the number of rational points of hypersurfaces of fixed dimension and degree and based on such combinatorial methods can be found for instance in [8, 18] . Ghorpade and Lachaud raised a conjecture [5, Conjecture 12.2] on the maximal number of rational points of an arbitrary equidimensionnal projective variety embedded in P n depending only on its dimension, its degree and the dimension of its ambient projective space. This conjectural upper bound coincides with Serre's bound [14] when the variety is a hypersurface. This conjecture has been discussed more recently, in a survey paper of Lachaud and Rolland [11, Conjecture 5.3] .
In the present paper, we prove a general upper bound on arbitrary projective variety, possibly non equidimensionnal. From this bound and considering the equidimensionnal case, we prove Ghorpade and Lachaud's conjecture [5, Conjecture 12.2] . Our bound is proved by purely combinatorial methods inspired by Serre's proof in [14] . The context is however more difficult since Serre's proof for hypersurfaces consists in studying an incidence structure involving hyperplane cut outs of this hypersurface. The point is that, for a hypersurface, as soon as it does not contains a given hyperplane, then the cut out has codimension 1 in the hyperplane. In particular, no irreducible component of the hypersurface is contained in the hyperplane. In the case of an arbitrary variety, the situation gets harder since some irreducible components can be contained in a hyperplane. For this reason, our proof treats separately the case of a variety with no irreducible components in a hyperplane and varieties having dome irreducible components which are contained in hyperplanes with a particular study of linear irreducible varieties.
Finally, we discuss the sharpness of this bound. In particular, we prove that in the equidimensional case, this bound is reached by some arrangements of linear varieties which we call flowers. We also leave as open questions, some further possible improvements.
NOTATION
In this article, we fix a finite field F q . The affine and projective spaces over F q are respectively denoted by A n and P n . Points, hyperplanes or linear subvarieties of A n or P n respectively are said to be rational or F q -rational if they are defined over F q . The dual of We point out that X may be reducible and non equidimensional. Therefore, X has a canonical decomposition
where X 1 , . . . , X r are irreducible varieties. For all i ∈ {1, . . . , r } we introduce the pair ( 
Given a variety Y , the set of rational points of Y is denoted as Y (F q ). When Y = P n , we denote its number of points by:
Moreover, for convenience sake, we set
Let us recall that
which straightforwardly entails 
THE AFFINE CASE
Proof. The equidimensional case is proved by Lachaud and Rolland [11] . It holds in particular for irreducible varieties. Thus, for all i ∈ {1, . . . , r }, we have :
The result is obtained by summing up all these inequalities.
3. THE PROJECTIVE CASE 3.1. Our result.
Theorem 3.1. Let X ⊂ P n be a non degenerate projective variety with r irreducible components, with dimension sequence d
where
Ghorpade and Lachaud's conjecture [5, Conjecture 12.2] is a straightfoward corollary of Theorem 3.1 since it is noting but the equidimensional case. 
THE PROOF
We will prove Theorem 3.1 by induction on the dimension n of the ambient space. 
Thus, if we can prove the result for Y , then since
we get the result. Therefore, from now on, one can assume that X has no zero-dimensional component. That is to say, the dimension sequence satisfies
4.2. Initialisation. The case n = 1, which corresponds to that of a zero-dimensional subscheme of the projective line is obvious. Actually, the case n = 2 is already known. Indeed, as suggested in §4.1, one can assume that X has no zero-dimensional component and hence is a curve of degree δ. Then, the upper bound
is a direct consequence of [14] .
Remark 4.1. Notice that some refined bounds on the number of points of plane curves are given in [7, 16, 17] .
The induction step under different assumptions.
From now on, we assume that n 3. Consider the two following assumptions.
Assumption 1.
No irreducible component of X is contained in a F q -rational hyperplane.
Assumption 2. Every irreducible component of X is either linear or is not contained in any
The induction step is proved under Assumption 1 in §4.4, then under Assumption 2 in § 4.5. Finally, the general case is treated in §4.6.
Proof under Assumption 1. Let
taining P contains an irreducible component of X . Next, let us introduce the bipartite graph G whose first vertex set is
and its second vertex set is
and the edge set is
The heart of the proof consists in counting the set of edges by two distinct manners.
Recall that the valence of a vertex is defined as the number of edges containing this vertex. Now let us first summarise some properties of the graph:
(ii) the valence of a vertex Q ∈ V 1 equals π n−2 (iii) by induction, the valence of a vertex H ∈ V 2 has an upper bound B defined as:
First, consider the case B π n−1 − 1, that is:
then, multiplying both sides by q yields (thanks to (2))
Since X ⊂ P n , we clearly have |X (F q )| π n . Therefore, from (5), the result is straightforward.
From now on, we assume that
From (ii), we have:
and, from (i) and (iii), we have
This yields
By definition of B (see (3) )and, thanks to (2), we get
From (6), we have
and using (1) we obtain B π n−2 < q, which leads to
Remark 4.2. Instead of considering an incidence graph, the proof can be realised using a purely algebraic geometric point of view by defining the incidence variety T defined as
and then the approach consists in counting the number of rational points of T by two different manners by estimating the number of rational points of the fibres of the canonical projections T →P n and T → X . This point of view is developped in [5, §12] and [11, §2] .
Proof under Assumption 2.
The proof under Assumption 2 will be done in three steps. Under the assumption that no nonlinear irreducible component of X is contained in a F q -rational hyperplane:
(1) we first treat the case when one of the irreducible components of X is a hyperplane;
(2) then we treat the case when only one irreducible component L of X is linear and L is not a hyperplane;
(3) then we treat the case of multiple linear irreducible components which are not hyperplanes.
4.5.1. If X contains a F q -rational hyperplane. Let H be a hyperplane contained in X . Write the decomposition of X as a union of irreducible varieties as
Second, without loss of generality, one can assume that none of the X i 's for i 2 is contained in H . Now, X is the disjoint union of H and X aff def = X \ H . The variety X aff is affine and its dimension and degree sequences are d X 2 , . . . , d X r and δ X 2 , . . . , δ X r . Thanks to Theorem 2.1, we get
Next, notice that for all i , we have 
Putting (10), (11) and (12) together, we get
and since d H = D X , this yields the result.
When, X contains a single linear subvariety which is not a hyperplane.
Assume now that X contains a linear subvariety L which is not a hyperplane, that is, of dimension d L < n − 1. Moreover, we assume that the other irreducible components of X are non linear and, recalle that, by assumption, none of them is contained in a F q -rational hyperplane.
Here again, we write the decomposition of X in a union of irreducible components as
As for the proof under Assumption 1, we will apply a combinatorial proof based on an incidence structure. Here, the incidence graph we consider is obtained as follows. Choose P ∈ L (F q ) and set
Here, we have
Indeed, it suffices to notice that the set of hyperplanes containing L has π n−d L −1 elements. Next, notice that in this incidence graph:
• the valence of a vertex of
• by induction and since no irreducible component of X but L is contained in a F q -rational hyperplane, the valence of a vertex H of V 2 (which is a hyperplane) is upper bounded by
where the "−π d L −1 " term corresponds to the rational points of L ∩ H , which are not counted. Now, as in §4.4, by counting the number of edges of the graph by two different manners, we get
Using several times (2), we get 
Now, notice that
Moreover, for all i ∈ {2, . . . , s}
Putting (13) and (14) together, we get
And hence,
which yields the expected upper bound.
4.6. Proof in the general case. Now, assume that
where the Y i 's are irreducible varieties which are either linear or are not contained in any F q -rational hyperplane and the Z i 's are non linear and each one is contained in at least one F q -rational hyperplane. In particular, since the Z i 's are non linear, for all i ∈ {1, . . . , ℓ},
we have δ Z i > 1. From the previous results, and since we clearly have D Y D X , we already know that
Next, for all i ∈ {1, . . . , ℓ}, since Z i is contained in a hyperplane, one can apply the induction hypothesis to this hyperplane and get
Lemma 4.3. For all integers d > 0 and δ > 1, we have
Proof. Consider the difference,
Since δ > 1, to prove that this sum is nonnegative, it is sufficient to prove that q 2d−n+1 π 2d−n . It is obviously true if 2d −n < 0. It also holds true if 2d −n 0 since, using that q 2, we have
From Lemma 4.3, and since by assumption on the Z i 's, we have δ
Then, use the obvious inequality
and put it together with the bounds (15), (16) and (17) . This yields
which concludes the proof.
IS THIS NEW BOUND OPTIMAL?
5.1. The bound is optimal for equidimensional varieties. We will show that the bound given by Theorem 3.1 is reached by equidimensional arrangement of linear varieties. This shows that Corollary 3.2 is an optimal upper bound. For that we introduce two objects: partial d -spreads and d -flowers. The notion of partial d -spread is well-know and subject to intense study in finite geometry. For instance see (the list is far from being exhaustive) [3, 9, 10, 12] . On the other hand, the terminology of d -flower is introduced by the author. 
3. An (n −1)-flower is nothing but a hypersurface obtained as a union of hyperplanes meeting at a common 2-codimensional linear variety. These flowers reach Serre's bound for the number of points of hypersurfaces [14] . 
Proof. It is a straightforward consequence of the definition of partial d -spreads and dflowers.
5.2.
The non equidimensional case might have a sharper bound. For non equidimensional varieties, the optimality of our bound is less clear. In particular, the following statement asserts that the upper bound of Theorem 3.1 cannot be reached by non equidimensional arrangements of linear varieties.
Proof. Use the obvious upper bound
Remark 5.7. The construction of arrangements of linear subvarieties reaching this upper bound can be done as follows:
Remark 5.8. Compared to the upper bound of Theorem 3.1, the above upper bound is sharper. The difference between the bound of Theorem 3.1 and Proposition 5.6 is:
and the above difference is positive as soon as the variety is not equidimensionnal.
Since in the equidimensional case, the upper bound is reached by arrangement of linear varieties. Thus, the previous observations on arrangements of linear varieties suggests a possible sharper upper bound which we leave as an open question.
Question 1. For a projective variety X decomposed in a union of irreducible components
Notice that if the degrees δ X i are all equal to 1 we get the upper bound of Proposition 5.6.
5.
3. An open question on complete intersections. First, notice that the arrangement of hyperplanes described in §5.1, which reach the upper bound of Theorem 3.1 in the equidimensionnal case, are never complete intersections unless their degree is 1. Indeed, from [6, Ex II.8.4, III.5.5], complete intersections are always connected while partial spreads are not. For a flower F , one can choose a linear variety L which is transverse to F and such that the intersection L ∩ F is a partial spread, hence is disconnected. If F was a complete intersection, then F ∩ L would be complete intersection too which yields to a contradiction. Second, in [11, § 5] , the authors study some arrangements of linear varieties which are complete intersection and have a large number of points. They call these varieties tubular sets. They prove in particular that number of points of a tubular set X of degree δ and dimension d equals
We observed in §5.1 that, for general equidimensionnal varieties, the upper bound on the number of rational points is reached by arrangements of linear varieties. That fact was already known for hypersurfaces [14] . If this property holds for complete intersections, one does not know arrangements of linear varieties having more points than tubular sets. For this reason one can hope the existence of a sharper bound for the maximal number of points of complete intersection with respect to their dimension and degree. This problem remains completely open.
CONCLUSION
We ontained in Theorem 3.1 a new upper bound on the number of rational points of a arbitrary closed subset of a projective space. This bound holds even for non equidimensionnal varieties. In the equidimensionnal case, thanks to this upper bound, we proved Ghorpade and Lachaud's conjecture [5] and proved that this bound is optimal for equidimensionnal projective variety.
